MATH 271 — Summer 2016
Practice problems solutions— Week 2

Part I

For each pair of integers a and b, use the Euclidean Algorithm to compute ged(a,b) and find integers x and
y such that ged(a,b) = ax + by.
1. a =156 and b = 115. We have
156 = 1-115+41
115=2-41+433

41=1-33+8
33=4-8+4+1
8=8-14+0

This means that

ged(156, 115) = ged(115,41)
= ged(41, 33)
— gcd(33,8)
= ged(8,1)
=ged(1,0) =1,
so ged(156,115) = 1. To find integers x and y so that 1 = 156z + 115y, note that
1=33—-4-8
—33 4. (41— 33) (since 8 = 41 — 1 - 33)
= (—4)-41+5-33
= (—4)-41+5- (115 — 2 - 41) (since 33 = 115 — 2 41)
=5-115—-14-41
=5-115—14- (156 — 1 - 115) (since 41 = 156 — 1 - 115)

= (—14) - 156 + 19 - 115.

We can set x = —14 and y = 19 so that ged(156,115) = 156z 4 115y.
Alternately, using the “table method”:

z |y
R, 156 | 1 |0
R, 15| 0 | 1
Ry=Ry—Ry | 41| 1 | -1
Ri=R,—2Rs | 33| 2|3
Ry = Rs — Ry 8| 3 | 4
Re=Ry—4Rs | 1|-14|19

2. a =132 and b = 76. We have
132 =1-76 4+ 56

76 =156+ 20
56 =220+ 16
20=1-16+4
16=4-4+0,



so ged(132,76) = 4. Using the “table method”:

We can set © = —4 and y = 7 so that ged(132,76) = 132z + 76y.

3. a =2016 and b = 271. We have

so ged(2016,271) = 1. Using the “table method”:

We can set = 41 and y = —305 so that ged(20116,271) = 20162 + 271y.

x|y
R, 32110
R, 76| 0|1
Riy=Ri—Ry | 56| 1 -1
Ri=Ry—Rs | 20|-1]2
Rs=R;—2R,| 16| 3 |5
R = Ry — Rs 4]-4]7
2016 = 7- 271 + 119
271 =2-119+ 33
119 = 3-33 +20
33=1-20+13
20=1-13+7
13=1-7+6
7=1-6+1
6="61+0,
z |y
I 2006 | 1 | 0
R, 2711 | 0 | 1
Ry=R —TRy | 119 | 1 | -7
Ry=Ry—2Rs | 33| -2 | 15
Rs=Rs—3Ry| 20| 7 | -52
R = Ry — Rs 13| -9 | 67
R = Rs — Rg 7116 | -119
Rs = Rg — Ry 6| -25| 186
Ry = R; — Ry 1| 41 | -305




Part 11

Use mathematical induction to prove the following statements.
n .
1. For all integers n > 1, > (i + 1)2¢ = n2" T
i=1

Proof. We will prove this by induction on n.

Base case (n = 1):
1

D (i+1)2=(1+1)2' =2-2=2"=1-2""
i=1

so the statement is true when n = 1.

Induction step: Let k > 1 be an integer. Suppose that

k

D (i 41)2" = Rkt

i=1

k+1 ‘
(We want to show that 3 (i 4+ 1)2° = (k + 1)2F+2)) Now

1=1

k+1 4 k 4
D (+1)20 =D (i+1)2"+ (k+ 1+ 1)2!
i=1 =1

= k28T (k1 4 1)2F

= (2k +2)2"*!

= (k+1)2. 21

= (k+1)2F+2

so the statement is true for n = k + 1.

By the principle of induction, Y (i + 1)2¢ = n2"*! holds for all integers n > 1.
i=1

n

n
2. For all integers n > 1, > ﬁ =
i=1

Proof. We will prove this by induction on n.

Base case (n =1): We see that

1

> 11 1 1
~g(i+1)  1(1+1) 2 1+1

=1

so the statement is true when n = 1.

Induction step: Let k > 1 be an integer. Suppose that

1 k

iti+1) k+1

i=1

by TH

(TH)



1 _ k+1
T = kra-) Now

(We want to show that k§
1 1
GrD  RrDk12)
1
(k+1)(k+2)
:m(ukw)ﬂ)
k% 42k +1
(k+2)(k + 1)
(k+1)?
(k+2)(k+1)
k41
T k+2

so the statement is true for n = k + 1.

M=

iZli(H—l)_

ok

-
Il

+|= -

by TH
1t Y

n
By the principle of induction,
i=1

ﬁ = 27 holds for all integers n > 1. O

. For all integers n > 1, the sum of the first n positive odd integers is equal to n2.
Solution. We first need to write the desired sum using summation notation. The sum of the odd
integers can be written as

1434547+ (nModd)=(2-1)+(4-1)+(6—1)++(2n—1)
(2:1-1)+(2-2-1)+(3-2=1)+---+(2n—1)

What we need to prove is: For all integers n > 1, Y (2i — 1) = n?.
i=1

Proof. We will prove this by induction on n.

Base case (n=1):
1

dRi-1)=2-1-1=1=1%

i=1
Induction step: Let k > 1 be an integer. Suppose that

k
D (@i-1) =k (IH)
=1
k+1
(We want to show that > (2i — 1) = (k +1)2.) Now
=1
k+1 k
d@i-1)=) (2i-1)+2k+1)-1)
=1 i=1
=k +2k+1 by IH
= (k+1)>



By the principle of induction, Y (2i — 1) = n? holds for all integers n > 1. O
i=1

4. For all integers n > 0, 3™ + 1 is even.

Proof. We will prove this by induction on n.

Base case (n = 0): We have
P +1=14+1=2

which is even.
Induction step: Let k > 0 be an integer. Suppose that

3% 41 is even. (IH)

(We want to show that 3¥*1 4 1 is even.) By IH, there exists an integer m so that 3% + 1 = 2m.
Thus 3* = 2m — 1. Now

3 41=3.3"4+1
=3.2m—1)+1 by IH
=6m-—-3+1
=2(3m —1),

where 3m — 1 is an integer. Therefore 3¥*1 4+ 1 is even.

By the principle of induction, n > 0, 3™ + 1 is even for all integers n > 0. O
5. For all integers n > 1, 5 — 4n — 1 is divisible by 16.

Proof. We will prove this by induction on n.

Base case (n =1): We have
5'—4-1-1=5-4-1=0

which is divisible by 16.
Induction step: Let k > 1 be an integer. Suppose that

5% — 4k — 1 is divisible by 16. (TH)

(We want to show that 581 — 4(k + 1) — 1 is divisible by 16.) By IH, there exists an integer m
so that 5¥ — 4k — 1 = 16m. Thus 5% = 16m + 4k + 1. Now

5L 4k 4+1)—1=5-5" —4(k+1) -1

=5(16m + 4k +1) — 4k —4—1 by TH
=16-5m + 20k + 5 — 4k — 5

=16 - 5m + 16k

= 16(5m + k),

where 5m + k is an integer. Therefore 5¥*1 — 4(k + 1) — 1 is divisible by 16.

By the principle of induction, 5™ — 4n — 1 is divisible by 16 for all integers n > 1. O

6. For all integers n > 4, n! > 2",



Proof. We will prove this by induction on n.

Base case (n =4): We have 4! =1-2-3-4 =24 and 2* = 16. Then 4! > 2% since 24 > 16.
Induction step: Let k > 4 be an integer. Suppose that

k! > 2k,
(We want to show that (k + 1)! > 2¥+1)) Now
(k+ 1) =kN(k+1)

> 2Kk +1) by IH
> 2k . (2) because k+ 1 > 2
— 21€+1.

By the principle of induction, n! > 2" for all integers n > 4.

1
7. For all integers n > 2, v/n < f f +ot+ 7

Proof. We will prove this by induction on n.

Base case (n = 2): Note that 1 < /2. Now

2
\f(\f+1)
o
V1 VT

20 L 1o, 1
80 5 < 7 + 73
Induction step: Let k > 4 be an integer. Suppose that
1 1 1
VE< —+ =+ + —.
Vi V2 Vi
1 1
(We want to show that vk + 1 < f f LI v/ \/Tﬁ)
Note that k? < k(k + 1). Hence k < \/k(k + 1) and thus k + 1 < \/k(k + 1) + 1. Therefore

VERE+1) +1
VE+1< T

Now
vk+1 \];%—Fl by (*)
k(k+1) 1
VE+1 VE+1
=Vk+

1

VE+1

S
VioV2

which is what we wanted to show.

, by IH

(TH)

(IH)

(%)



By the principle of induction, v/n < % + % + -+ ﬁ for all integers n > 2. O
8. For any real number z > —1 and all positive integers n, (1 + x)™ > 1 + nz.

Proof. Let > —1 be an arbitrary real number. We will prove that (1 + z)™ > 1 4 nz for all integers
n > 1 by induction on n.

Base case (n =1):
A+a) ! =1+z=1+1-2>1+1

Induction step: Let k > 1 be an integer. Suppose that
(1+x)* > 1+ k. (IH)
(We want to show that (1 + z)**1 > 1+ (k+ 1)z.) Now
(L+2)" = (1+2)" 1 +2)

> (1+kx)(1+x) by IH and because (1 +z) >0

=1+ + ko + ka®

=1+ (k+ 1Dz + ka?

>1+4 (k+ 1z, because kz? > 0,
which is what we wanted to show.

By the principle of induction, (1 4+ 2)™ > 1 + nz for all integers n > 1. O

Part 11

Use strong mathematical induction to prove the following statements.

1. The sequence a1, as,as, ... is defined by letting a1 = 3, as = 5 and ax = 3ax_1 — 2a;_o for all integers
k > 3. Prove that a,, = 2" + 1 for all integers n > 1.

Proof. We will prove the statement by strong induction on n.

Base cases
(n=1):2'+1=2+1=3and a; = 3.
(n=2):224+1=4+1=5and ay = 5.
Induction step: Let k > 2 be an integer. Suppose that

a; =241 for each integer i, 1<i<k. (TH)
(We want to show that azy1 = 27 +1.) Now

ap41 = 3ag — 2ap—1

=302 +1) —202" 1 +1) by IH
=3.2.2143-2.92k1 9

=(6-4)2"1 41

=22.2F1 11

:2k+1_|_1_



By the principle of induction, a,, = 2™ + 1 for all integers n > 1. O

2. Consider the sequence defined by ¢; = to = t3 = 1 and ¢ = tx_1 + tx—o + tx—3 for all k£ > 4. Prove
that t,, < 2" for alln € Z7.

Proof. We will prove the statement by strong induction on n.

Base cases

(n =1): Note that a; =1, and 2! =2, and 1 < 2. Hence a; < 2.

(n =2): Note that az = 1, and 22 = 4, and 1 < 4. Hence ay < 2.

(n = 3): Note that a3 = 1, and 2% = 8, and 1 < 8. Hence az < 25.
Induction step: Let k > 3 be an integer. Suppose that

a; < 2'  for each integer i, 1<i<k. (TH)
(We want to show that aj,1 < 2¥+1.) Now

Ak4+1 = Qg + Gg—1 + Ak—2
< 2k 4okl 4 ok=2 by IH

1 1 1
_ ok+1
=2 <2+22+23>
1 1 1
—oktl (Z  — 4
2+4+8

g (A2251)

8
— 2k‘+1 . Z
8
< ok+1 because g < 1.
By the principle of induction, a,, < 2" for all integers n > 1. O

3. Let a, be the sequence defined by a;

1, as = 8, ap = apn_1 + 2a,_2 for n > 3. Prove that
a, =3-2""1+2(-1)" for all n € Z*.

Proof. We will prove the statement by strong induction on n.
Base cases
(n =1): Note that 3-2'"1 +2(-1)! =3-1-2=1and a; = 1. Thus a; = 3-2171 +2(-1)L.
(n =2): Note that 3-2271 +2(-1)> =3-2+2 =8 and as = 8. Thus a = 3-2*71 +2(-1)%
Induction step: Let k > 2 be an integer. Suppose that
a;=3-2"14+2(-1)" for each integer i, 1<i<k. (IH)
(We want to show that a1 = 3- 2% +2(—1)¥*1) Now
Gp41 = Qg + 20x—1
— (3.2 4 2(—1)F) + 2 (3 Cglk=D-1 4 2(—1)’“*1) by IH
=32t p2(-1)F 4 3. 2. 282 4 4(—1)F!
=6- 2k:—1 o 2(_1)k+1 + 4(_1)k+1
=32k po(—1)F L.



By the principle of induction, a,, = 3 - 2"~ + 2(—1)" for all integers n > 1. O

4. The sequence $1, S2, S3,... is defined by: s; = 1, and for all integers k > 2, s = 2 - S|k |- Prove by

induction that s, < n for all integers n > 1.

Proof. We will prove the statement by strong induction on n.

Base case (Note that only one base case is needed!):
(n=1): We see that sy =1 and 1 < 1. Thus s; < 1.
Induction step: Let k > 1 be an integer. Suppose that

s; <14 for each integer i, 1<1i <k. (TH)

(We want to show that sp11 < k+1.) Now 1 < L%J < k, since k > 1. Thus S| kgt | < {%J
(by IH) and

Skl =278 k41

E+1
<9 {;J by TH

E+1
<2 % by definition of floor
=k+1,

SO Sk+1 < k+ 1.

By the principle of induction, s,, < n for all integers n > 1.



