ECE 206 Fall 2019
Practice Problems Week 2

1. Let f: R? — R be the scalar field defined by f(z,y) = 2xy. Compute the path integral / fds for T’
r
to be the following paths.

(a) Where I is the curve traced out by the path v : [0,4] — R? defined as ~(t) = (t, t + 1).
(b) Where T is the square whose vertices are (0,0), (0,1), (1,0), and (1,1).
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2. Suppose that a wire has the shape of a helix of radius R and height h. Its shape is the curve de-
termined by the path defined by ~(t) = (Rcost, Rsint, %t) for 0 < ¢t < 2m. Suppose that the
linear density of the wire varies linearly with height, so that it can be described by the function
p(z,y,2z) = po (14 (k—1)Z), where k and po are constants. Find the mass of the wire.

3. For the following vector fields F' : R? — R?, find the equation for the flow lines and make a sketch of
the field and flow lines.

(a) F(z,y) = (v,27).
(b) F(z,y) = (=y, ).
(¢) F(z,y) = (-2,9).

4. A static, electrically charged particle located at the origin with positive charge ¢ produces the electric
field E : R? — R3 defined as
By —ra (Y 2
(7') - q 7‘37 7"37 7"3

where 7 = (x,y,2), r = ||r|, and k is a constant. Find the flow lines of E and make a sketch of the
field and flow lines.

5. Let a,b > 0 be positive constants. For the field F : R? — R? defined in 3(b), compute the line integral
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of F along the ellipse {(z,y) | i—z + ¥ = 1} oriented counterclockwise.

6. Let T be the curve that is the intersection of the cylinder 32 + 2 = 1 with the plane z = 3z,
oriented in the counterclockwise direction as viewed from the positive z-axis. Evaluate ?{ F-dr, where
r
F :R? — R3 is the vector field given by F(z,y, 2) = (yz, —2z,7).

7. A force field F : R® — R3 is given by F(x,y, z) = (z,y, z). Calculate the work done by F' in moving
a particle along the parabola z =0, y = 22 from 2 = —1 to = 2.



10.

11.

12.
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A force field F : R? — R? is given by F(x,y) = (22,y, 2). Calculate the work done by F on a particle
moving along the path v(t) = (0,acost,asint) for t € [0,27], where a > 0 is a constant. Explain the
result geometrically.

Test whether the following fields are gradient fields. If they are, find the corresponding scalar potential
functions.

(a) F(z,y) = (32°y,2°)

(b) F(z,y) = (2ze’ +y)i+ (a?e¥ +x — 2y)j

(¢) F(z,y) = (6 —2xy +y°)i+ (2z° — 8y + 3zy°)j

(d) F(z,y,2) = (2zyz® + ye™, 2223 + ze™, 32%yz? + cos z).

A force field is given by F(x,y) = (y,z). Compute the work done by F to move a particle along the

path v(t) = (¢°, sin?(Zt)) for 0 < ¢ < 1. (Hint: the line integral is messy...)

Consider the vector field F = (y? cos ¥ + 23, 2y sinx — 4, 3222 + ). Compute the line integral / F-dr,
r

where I is any curve in R?® from (0,1, —-1) to (§,—1,2).
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r=|r|| = vx? + y? + 22, and k is the electrostatic constant. The Coulomb force that is experienced
by another point charge with charge @ at any point r is F(r) = QE(r).

k
The electric field from a point charge at the origin with charge ¢ is E(r) = —qr, where r = (z,y, z) and
T

(a) Show that the Coulomb force field F' is conservative by finding a scalar potential function ¥ such
that FF = V.

(b) Find an expression for the work done by the field F' to move the charge @ from the point
r1 = (71,¥1, 21) to the point 7o = (22, Y2, 22).

(You may let r1 = /2% + y? + 27 and 72 = \/a3 + y3 + 22 to simplify the final result.)

(¢) When 7; and 72 are the same distance from the origin, what is the physical interpretation of the
answer in part (b)?

Suppose F : R? — R3 is a gradient field. Then there exists a scalar potential 1) : R® — R such

that F(r) = Vi (r), where r = (x,y, z). In physics, the potential energy of an object is defined as

P(r) = —4¢(r), so that F = —VP. Recall that a flow line of the field F is a path = such that

d

afy(t) = F(~(t)) for each t.

(a) Let v(t) be a flow line of the vector field F. Show that P(~(t)) is a decreasing function of ¢.
(This implies that the potential energy of a particle following a flow line decreases.)

(b) Continuing with the setup from above, if the potential energy of the particle decreases, it must go
somewhere else. Show that it goes to kinetic energy. In fact, show that a gradient field conserves
energy by showing that “potential energy + kinetic energy = constant” for all time.



