ECE 206 Fall 2019
Practice Problems Weeks 12 & 13
Solutions

(a) Find the Taylor series expansions for sinh z and cosh z about zg = 0 by starting with Taylor series
for sin z and cos z,

o0 L2n+1 oo 420
sinz = ;(_1) s and cosz = nzzo(—l) o)

and using the identities sin(jz) = jsinh z and cos(jz) = cosh z.

Solution. Start from the Taylor series for sin z above and use the identity sin(jz) = jsinh z
to obtain

2n+1 0 ) 22n+1 S Z2n+1

hz=—j - =N s N
stz = —j sin(jz) jnz:o 2n+1) ;J(Zn—i—l)! 2 2n+ 1)

where we use the facts that j27*! = j27j = (j2)"j = (—1)"j and (—1)"(=1)" = (—1)*" =
1 for any integer n. Similarly, we have

cosh z = cos(jz) = i(—l)” (j2)" = i 2"
oy @2n)!  —~ (2n)!"
b) Find the Taylor series expansion of f(z) = —&5 about zg = 0. Give the region of validity.
z4+9

Solution. We first rewrite f(z) in terms of functions with known Taylor series as

z z 1
f(z)*z4+9*§ =
and use the known Taylor series for functions of the form 1/(1—w) where we set w = —2*/9

to find that

4

1 o0 o 4 n
—_— = Z <Z> , which is valid in the region where < 1.

1+% n=0 9

Multiplying through, we obtain
? (=D" 4 2: (=" 4n+1
9(n_0 gn z gn+1 z

which is valid in the region where |z| < v/3.




1

P about zg = 0 and give the region of validity

2. Find all possible Laurent series expansions for f(z) =
for each.

3. Find the first three nonzero terms of the Laurent series for each of the following mappings that is valid
in the given regions.

(a)

in the region where 0 < |z| < 7.

sin z
Solution. Using the known Taylor series expansion for sin z, we find
1 1

sin z

22 1 1\ 4
5+ (g )

7+7+...7

ST SO I S

where we make use of the Taylor series expansion for 1/(1 — w) and multiply out.

(b)

in the region where 0 < |z — g| < T
cos z

Solution. We first rewrite f(z) as a funciton of z — 7/2 by noting that

=eos (-5 )= (=-3)
COSzZ = COos | 2 B) B = s | 2 5)"

Now, making use of the Laurent series for 1/sinw that we found in part (a), we have

1 1

cosz  sin (z— %)

R

(c) ¢~1/#* in the region where 0 < |z] < o0.

Solution. Here we simply set w = —1/2% and use the known Taylor series for e* to find
that
2
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1
4. Find the Laurent series for f(z) = ——— about
z(z—1)2
(a) z =0 that is valid for 0 < |z] < 1
Solution. We first start with the fact that

jz(llz) - (152)2'

Since we know the Taylor series for 1/(1 — z), this means we can find the Taylor series of

1/(1-2)? by
1 d N
() dzzz S o

which is valid only for |z| < 1. Thus the Laurent series for f is given by

1 oo
- +2+32+4 - 2
gnz —|——|—z—|—z+ Z+E_(n+)z
which is valid for 0 < |z| < 1.

(b) z =0 that is valid for |z| > 1

Solution. We first rearrange the terms to write f(z) as a function of 1/z and find that

1 1 1

G-Dr 2 -y

We now make use of the Laurent series from (x) in part (a) above to find that

e ()

which is valid for 0 < |1/z| < 1, or equivalently 1 < |z| < co. The desired Laurent series

is therefore
[e’s) n—1 [e’e] ]
- 1 1 B no n
—;32%” S = am e
n—

n=0 n=0

(¢) z=1thatis valid for 0 < [z — 1| < 1

Solution. For this and the next part, we must express 1/z in terms of powers of z — 1.



1
We can do so as follows: — . Then

zzl—(l—z)

f<z>=z<z_1>2:<z—1>21—<1—z>:<z—1>2n§(1_z)

:ﬁ(l—i—(l—z)—&—(l—z)Q—i—...)
_ (z—11)2 (1-(—D+(-1)%-..)
_ (Z_llp_ziﬁg(_l)n(z—l)n.
(d) = =1 that is valid for [z — 1| > 1
Solution.
fz) = (z—11)2'1:z' 11:—1: (z—11)3'1—1112 B (z—ll)?’g(lizy

We can write this as

R S & G R o S GV
f(Z)_(271)32(271)n_20(271)n+3

n=0 n—=

5. For each function, find and identify the type of each singularity (i.e., removable, pole of order m, or
isolated singularity) and find the residue there.

2242

z—1

(a) f(2) =

Solution. The pole of f is a pole of order 1 at z = 1. The residue here is

Res (f,1) = lim[(z — 1)f(2)] :lmzzmzz

10 = (55)

Solution. There is a pole of order 3 at z = —1/2. We may re-write f(z) as a function of
z+1/2 as
23/8
f(z) = o 1\3
(Z + 5)

The residue is given by

L LIt d (2 1 . 3z 3
Res (fa 2) B EZLHE% lez <8)] = izgril% T 1o
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Solution. Here we have a pole of order 3 at z = 0, a pole of order 2 at z = 1, and a simple
pole at z = 2. The residue at z = 2 is

At z = 1, the residue is

Res(/.1) = lim [ddz (Z?,(;_Q))] ~ lim diz(z_?’(z oy a,

At z = 0, the residue is

1 . d? 1 1 .. d? _ _ 17
Restr:0) = gy | (=g )| = 12 ) ==

6. For each of the following, show that the singular point is a pole. Determine the order of the pole as

well as the residue.
1= cosh z

(a) f(2) =

23

Solution. Writing out the Laurent series, we have

1 22 2t 1 z
= (1-(1+2 42 4 ) )= -2
1) z3< <+2!+4!+ )) 2 4l

and this expansion is valid for all z £ 0. Thus, f has a pole of order 1 at z = 0 and the

residue at this point is is —%.

1_62,2
= 1

(b) f(2)

z

Solution. The Laurent expansion is

1 422 828 2 2 4
so=5 (- (e e ) E - E

z

which is valid for all z # 0. Thus, f has a pole of order 3 at z = 0, with residue —%.

622

© 1) = ;o

Solution. First, re-write f with a shift, then use the Taylor series for the exponential to
expand f as
e2(2—1+41) 2

&)= = ooty (1+2(z—1)+4(z ;!1) +) — (Ziil)Q-i-jil—F?eQ—h..

which is valid for all z # 1. Thus f has a pole of order 2 at z = 1, with residue 2¢2.




7. Find the residue at z = 0 of the following functions by writing out the Laurent series.

(a) f(2) = —

z+ 22

Solution. We can expand this as

1 1

f@) =7 =

1 D (1222 4 (—1)353 4 ..
Ty =5 O (D (P () )

SIS N

1 oo
-1 2L =2 —1)"gm,
+z—2"+ ; 7;:0( )z

This expansion is valid for all 0 < |z| < 1. Hence z = 0 is a pole of order 1 of f and the
desired residue is Res(f,0) = 1.

z

) 1) = zcos 1)

Solution. Using the known Taylor series for cos, we can expand this as

f()_ 9 1 — 1 L—FL—F — L"‘
Z) = ZCOS p =z 2122 4!24 =z o

This expansion is valid for all z # 0. Hence z = 0 is an essential singularity of f and the

residue of f at z =0 1is f%.

1 , 1 22 2 7
f(Z):Z3(Z—st):23(z—(z—gl—i-a—7!-1-"'))

1 22 A

BRI
oy B e
= (2n+3)!

which has no principal part and is valid for all z € C. Hence the point z = 0 is a removeable
singularity of f and Res(f,0) = 0. In fact, with repeated application of L’hopital’s rule,

we have ) )
. z-—sinz . Ccosz . —sinz .. —cosz 1
lim ————— = lim 5 = lim lim = ——.
z—0 z3 z—0 32 z—0 62 z—0 6 6

sinh z

(d) f(z) = m



Solution. Using the known expansion for sinh, we have

sinh z 1 1 1 PR 9 4
1 1 ;
(s (B )
1,7
23 6z

and this expansion is valid for all 0 < |z| < 1. Hence the function f has a pole of order 3
at the point z = 0 and the the residue at z = 0 is %.

8. Consider the function f(z) = =12

T (1—cosz)?"

(a) Show that the point z = 0 is a pole of the function f(z) and find the order of the pole.
Solution. Here we will use Theorem 24.4.1 from the textbook, which we will restate here.

Theorem. (Nth-order pole)
If p(z) and ¢(z) have zeros of order P and @, respectively, at z = zg, then f(z) =
a pole or order N = ) — P there if Q > P, and is analytic there if Q < P.

p(z)

qé) has

Recall that a function g(z) has a zero of order n at z = zg if
9(20) = §'(20) = ¢"(x0) --- = g" " V(z20) =0 but g™ (z0) #0.

We can use the Theorem by taking p(z) = sinz and ¢(z) = (1 — cosz)?. Note that
p(z) = sin z has a first order zero at z = 0 since sin(0) = 0 but cos(0) = 1 # 0. However,
q(2) = (1 —cos 2)? has a fourth order zero at z = 0 since g(0) = ¢’(0) = ¢”(0) = ¢"’(0) =0
but ¢ =6 # 1. Hence z = 0 is a pole of order 3.

(b) If m is the order of the pole, find the coefficient ¢_,, of Z%n term in the Laurent series expansion
of fat z=0.

Solution. Note that 0 is a third order pole, so we may compute c_3 using successive
applications of L’hopital’s rule as

. 3 1
Ling [ ()] = Ly (1 — cos z)?

322sinz + 2% cos z

= lim
z=0 2(1 —cosz)sinz

. 6zsinz+622cosz — 23sinz
= lim -

2—0 2(1 — cosz)sinz
=4.

(c) What is the residue of f(z) at z = 07



9. Use the method of ML-estimation to evaluate the following improper integrals by integrating around
a semicircular contour in the upper half-plane.

(a) / o dx
a _ %
oo (7 +1)?
Solution. For each R > 1, consider the simple closed contour consisting of the semicircle
of radius R centered at the origin that lies in the upper half-plane and the part of the real
axis from —R to R (pictured below). Consider the function
11 1
(24173 (2= (z+4)*

flz) =

which is analytic everywhere except at the singularities z = +j.

Im

Cr

"R \lL—'] R Re

By choosing the function g(z) = (z+ =3j7¢ and noting that g "(z) = (Z+])4 and ¢’ (2) =
we can use the Cauchy integral formula to see that

1 g( ) 2mj "o . 12 3T
7dz=§5 761—79 J =TT 5 = <
55%% Erp TP e o T DTG TR

which holds for any R > 1. Note that [2% + 1| > |2 > =1 for any z € C. Thus, for any
complex number z = Re’? on the semicircular arc of radius R > 1, we have |z| = R and

(Z+J)5’

1
(22 +1)3

1 1 1

= < = .
2417 7 (]2 —1)°  (RP-1)P

Thus, by the M L-theorem, it holds that

1
—d
/CR Z+13 "

where Cp is the contour of the semicircular arc from R to —R going counterclockwise in
the upper half-plane. Moreover, we have that

TR
(=17

<

1 TR
li ——dz | = i lim ————— = 0.
e ( /CR (Z 1) Z) 0 osince M R
Finally, we compute the desired integral as
/OO dx ) R dx
———— = lim —
oo (@24 1)3 RoooJ_p (2241)3

1 1
= 1 ——dz — —d
R (750 @+ ” /c (22 +1)° )
3T

g.



& dx

o X2 —4x+5

Solution. We use the same contours as in the previous problem. Consider the function

1 1
22 —424+5 (2-2—-4)(z—2+7)

f(z) =

which is analytic everywhere except at the singularities z = 2 + j.

—-R

°
2—-J

By choosing the function g(z) = we use the Cauchy integral formula to see that

.
Z—24;°

1 9(2) , : 1
7&2:56 ————dz=21j¢9(2+j) =21j— =,
é‘RUCR 22 —4z+5 I'rUCR z2=2-] ( ) 2j

which holds for any R > /5. Note that |22 — 4z +5| > 2> — 4|z — 5 for any z € C.
Thus, for any complex number z = Re’’ on a semicircular arc of radius R > 5, we have
|z| = R and

1 ‘ B 1 1 1

< = .
22 —4z+5 |22 =4z +5] 7 |2 —4|z|-5 R?*—-4R-5

Thus, by the M L-theorem, it holds that

/ 1 del < TR
cop 22 —42+5 ~ R2_-4R -5’

where CR is the contour of the semicircular arc from R to —R going counterclockwise in
the upper half-plane. Moreover, we have that

1 TR
li ——dz | =0 i lim ——— =0.
RS0 (/CR 2445 Z) S el Y
Finally, we compute the desired integral as
/°° dx , R’ dzx
——— = lim R
oo 2 —4x+5 Rooo ) _pa?—4x+5

. 1 1
= lim = dz — = dz
R—oo \ Jrpucop 22 —42+5 cp 22— 4z+5

= T.

e’} .’£2

i@ ™



Solution. We use the same contours as in the parts (a) and (b). Consider the function

22 22

flz) = FIDE2+2) G-Net)e V)2

which is analytic everywhere except at the singularities z = +j and z = £1/2j.

Im
CR
V2j
J
R i . R Re
-J
ofﬁj 07\/27‘

By the Residue Theorem, for any R > V2 we have that

2’2

éRUCR (Z2+1)(22+2)
for any R > v/2. Note that, for any z = Re’? with R > v/2, we have
2 Els Kl _ R?
EERyE) -

dz = 2mj Res(f, j) + 2mj Res(f, V25)

TR T (P (e -2 (R -2)
Thus, by the M L-theorem, it holds that
/ 22 s 7R3

cop (22 +1)(2242) R2 —1)(R% —2)’

where Cr is the contour of the semicircular arc from R to —R going counterclockwise in
the upper half-plane. Moreover, we have that

lim / # dz)] =0 since lim R =0
R—oo \ Joyp, (2+1)(22+2) - R—oo (R?2—1)(R?-2) e

The singularities of f at z = j and z = \/2j are poles of order 1. The desired residues can
therefore be computed as

=1

N ) S |
Rl ) =G+ ~ @)c1+2) ~ 2
and
Res(f, v2j) = W2 - o =

(V252 +1) (V25 +v25)  (=1)(2v2)) V2

Finally, we compute the desired integral as

/Oo e [
@)@ ) TR @)@ ) Y
2

- Rli_I}Iloo (ﬁRucR (22 + 1§(22 +2) dz = /CR (22 + 1;(22 +2) dz)
2mj (Res(f,j) + Res(f, ﬁ]))

:27rj(j—j>=7r(\/§—1)

2 V2

10



o 1
(d) / — 3 dz, where a > 0 is a constant.
o *ta

Solution. We proceed as in the previous parts, noting that the associated |f(z)| behaves
as % for large R, and thus the integral along the semicircular contour goes to zero as
R — oo. We note that there are 4 roots to the equation z* + a* = 0 (i.e., there are four
solutions toz? = —a*), which are z = a(—1)"/%. Writing —1 = /("*2k7) for integers k € Z,
we have the roots are located at

ZE = aed(5+n3)

for k=0,1,2,3, or

Zo = ae”/4, 21 = ae?®t, g = aeJ5”/4, 23 = ael /4,

Only the first two of these lie in the upper half plane. Since each singularity is a pole

order 1, and the integrand has the form f(z) = ﬁ, the residues are computed most
easily as
1
Res(f,zx) = —=.
(f k) 422

Evaluating the residue at zy = ae? 7, we have

1 e7sSm/4 ]

1 .
Res(f,z0) = dadeid3 /A T 4¢3 443 (_\/5 _jﬂ> .

At 21 = ael3™/* we have

1 efj97r/4 eijr/4 1

Res(f,21) = da3ei9 /A~ 4g3 443 443 (\/5 _]ﬂ> .

The sum of the residues is thus

By the residue theorem, we have

[t ()
——dr =27 | — a’ ) = )
oo T+ at J 32\/5 V2a3

10. Let a be a positive real number (a > 0). For each R > 1, let I'r be the part of the real axis from —R
to R and Cg be the semicircular contour of radius R in the upper half plane going counterclockwise
(see the figure below) such that IT'r U Cr is a closed contour.

Im

Cr

11



jaz
(a) Evaluate the integral 7§ 27 dz.
T'rUCR z2°+ 1

Solution. The integrand Ze;j:l = (Zi‘%z;j) has poles of order 1 at z = +j, only one of
which lies inside the simple closed contour I'g U Cg.

Im
Cr
o+
Re
—R ®—j Tr R
The residue of f(z) = % at 2 =jis
ejflj e @
Res(f,j) = ——=—j .
(Fod) =75 =75

Using residue theory, we can compute the desired integral as

ejaz e @
¢ dz = 2mjRes(f,j) = 2rj <—j ) =me “.
Tr

UCR Z2+1

o gjax

(b) Use the ML-estimation technique and your answer from part (a) to evaluate / dx.

e 22 H1

Solution. Let C'r denote the semicircular contour of radius R centered at the origin in the
upper half plane going counterclockwise from R to —R.

Im

Cr

Re

—-R R

For points z = Rel? with 0 € [0, 7] on this contour, we have

o] =

e]aR(cose—i-j sme)‘ — e—aRsmO ‘ejaR0039’ — e—aRsmG <1
——
=1

since sinf > 0 in the range 6 € [0,7] and thus —aRsin# < 0 such that e ¢Fsind < 1.
Moreover, we have that
ejaz

2241

el
2241 T R2-1

12



for all points z = Re’? with @ € [0, 7] on this contour. By the M L-theorem, we therefore
have that ,
jaz
[ a]e R
Cr 24 4+ 1 R -1

in the limit as R — oo. That follows that

ejaz
lim [ ———dz=0
R—0 Jo, 22+ 1

ans thus the desired integral can be evaluated as
0 jax R elax ejaz
/ ———dz = lim ————dz=me " — (lim / - dz) =me .

(¢) From the fact that Re (e/") = cos az, use your answer from part (b) to conclude that

(e )
Cos ax _
/ doe = me™ ¢

Ceo X241
Solution.
0 > R jax oS} jax
/ CZS W e = / y dx = Re (/ 27 dm) = Re (776_“) =me °.
oo T4+ 1 oo X211 oo TEF1
2T cos(36)
11. Use contour integration to evaluate / ————d#.
o D—4cosf

(We didn’t cover this in lecture, so you may ignore it.)

1 2T
df = here |a| < 1 is a constant.
1—2acosf + a2 T—a2 " el

(We didn’t cover this in lecture, so you may ignore it.)

2
12. Show using contour integration that /
0

13. Use contour integrals to compute the inverse Fourier transforms of the following.

1

(a) Flw) = m

Solution. We may rewrite F'(w) as
o
(W= J)(w—2j)

and observe that this has two simple poles at z = j and z = 27, both of which are located
in the upper half plane. Now we integrate

1 +o0 eJwz 1 +R eJwz
f@:—/ —f——fmzmmf/g—f——fm
21 J o (W= J)(w = 2j) R—oo 27 J_p (w—j)(w —2j)

There are two cases to consider: x > 0 and x < 0.

F(w) =

(i) When x > 0, we integrate around the semicircular contour on radus R in the upper
half-plane. To find the value of the integral, we only need to compute the residues

13



at the singularities in the upper half-plane. This is

Jwx Jjwx
flx)=3j (lim c + lim S ) = —e T e,

w—>jw—2j w—)2jw—j

(ii) When = < 0, we integrate along the semicircular contour on radus R in the lower
half-plane. But the integrand is analytic everywhere in the lower half-plane (as its
only singularities are at z = j and z = 25). Thus f(z) =0 for < 0.

Putting together parts (i) and (ii), we can express it as

fla) = (e7" — e™")H (a).

1

(b) F(w) = m

Solution. We may rewrite F(w) as

1 1
F(w) = = — ,
TR N RS TIE
which has a single pole at w = —2j, which is of order 2, and lies in the lower half plane.
Now we integrate
1 +o0 jwx 1 +R jwx
flx)=—— ei,dw: lim ——/ ei,dw.
21 J_o (w+25)? R—co 21 J_p (w+25)2

Again, there are two cases to consider: z > 0 and z < 0.

(i) When z > 0, we integrate along the semicircular contour on radus R in the upper
half-plane, but the integrand is analytic everywhere in the upper half-plane (as its
only singularity is at z = —2j). Thus f(x) =0 for z > 0.

(ii) When z < 0, we integrate along the semicircular contour on radus R in the lower
half-plane. For this integral, we only need the value of the reside computed at = —2j.
This is computed as

. d ; . . .
lim — (—e”“”) = lim —jze’® = —jre*”
w——27 doJ w——27

So, for x < 0, we have f(z) = 5= (—27j)(—jze?®) = —ze®®.
Putting together parts (i) and (ii), we can express it as

f(z) = —ze**H(—x).

14



