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Note. The floor function takes a real number x as input and outputs the greatest integer | x| that is
less than or equal to x. For example,

12| =1, |7]=3 |7]=7 |-13/=-2, and H:o.

For most of the following problems, use induction unless otherwise stated.

1. Prove for all numbers n € IN that
2
L%J <7’l> _ 211—1'
=0 \?

(Note: Induction will not be helpful here. Try out a few small values of 1 to see if you find a
pattern and use Binomial Theorem instead.)

2. Prove for all n € IN that

i n
p=p G+1) n+1
3. Prove for all natural numbers n > 2 that
i<y -
n < —
=1 Vk
4. Consider a sequence defined by a; = v/2 and
ant1 = V2+ay

for all n € IN. Prove that V2 < a,, < 2 foralln € N

5. Letr € R be a real number such that 7 + 1 is an integer. Prove that " + L is an integer for
alln € IN.



6. Consider a sequence y1,Y>, ... defined by y; = 1 and
Yn =2-Y|1]
for all n > 2. Prove that y,, < n for every n € IN.

7. The Fibonacci sequence fi, f2, ... is defined by f; =1, f, =1, and

fn = fnfl +fn—2

for all n > 3. Prove the following facts about the Fibonacci sequence.
(a) Forall n > 2, it holds that f, < (1)" .

n
(b) Forall n € IN, it holds that Zf] = fuyo — L.
=1

n
(c) Forall n € N, it holds that ) | f]-2 = fufns1-
j=1

(d) Leta = 15 and b = 155, Tt holds that f, = 7" forall n € N




