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Principle of Mathematical Induction

Let P(1),P(2),P(3),--- be a sequence of statements. (L.e., suppose P(n) is an open sentence for
numbers n € IN.) If the following are true:

(i) P(1)
(ii) Vk € N, P(k) = P(k+1)
then it is also true that

(iii) Vn € N, P(n).

Example

Claim. Vn € N, 4| (5" — 1).

Proof. We prove by induction. For each n € IN, let P(n) be the statement that 4 | (5" —1).

¢ Base case: When n = 1, we have
5" —-1=5-1=4,
which is divisible by 4, so P(1) is true.

e Induction step: Let k be an arbitrary natural number and suppose that P(k) is true. That is,
assume that there exists an integer m such that

4m =5 —1. (IH)

Now,
51 1 =505 -1
=5(dm—+1)—1 (by IH)
=4(5m+1),
which is divisible by 4 as 5m + 1 is an integer, and thus P(k + 1) is true.
By the principle of mathematical induction, it holds that 4 | (5" — 1) for every n € IN. O
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Example

Claim. For every positive integer n, it holds that

i;,11+1 (n+1;(n+2).

=

Proof. We prove by induction. For each n € IN, let P(n) be the statement that

n(n+1)(n+2).

i(i+1) = :
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¢ Base case: When n = 1, we have

1-2-3
3 7
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ii+1)=11+1)=2=

and thus P(1) is true.

e Induction step: Let k be an arbitrary natural number and suppose that P(k) is true. That is,
assume that

Zk:i(i+1):k(k+1)(k+2)_ (IH)
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Now,

214—1 Zzz+1 (k+1)(k+2)

:( 1;(k+2)+(k+1)(k+2) (by IH)

= (k+1)(k+ )(’;H)

_ (k+1)(k+2)(k+3)
3

and thus P(k + 1) is true.

n
By the principle of mathematical induction, it holds that 2 i(i+1) = n(n+ 1;(11 +2)
i=1

n € IN. O

for every

Base case does not havetoben =1

[ Claim. Foralln € IN, if n > 4 then n! > 2".

Proof. We prove by induction. For each n € N, let P(n) be the statement that n! > 2".



¢ Base case: When n = 4, we have
41=1-2-3-4=24>16=2%
and thus P(4) is true.

e Induction step: Let k be an arbitrary natural number such that k > 4. Suppose that P(k) is
true. That is, assume that

k! > 2K, (IH)
Now,
(k+1)! =kl(k+1)
> 2Kk +1) (by TH)
> k.5 (because k > 4)
>2k.2 (because 5 > 2)

— 2k+1

and thus (k+ 1)! > 25+1, 50 P(k + 1) is true.

By the principle of mathematical induction, it holds that n! > 2" for every n > 4. O



