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Chomp

In a game of Chomp1, players alternate turns taking cookies from a rectangular grid. At the
beginning of the game, the grid is full of cookies. Below is an example of an initial board at the
start of a game on a 4 × 5 grid.

Here are the rules of the game:

• Two players alternate turns taking cookies off of the board.

• On their turn, a player takes one of the cookies from the board and eats it, then also eats all
other remaining cookies on the board that are below and to the right of that cookie.

• The cookie in the top left corner is poison. Whoever eats the poison cookie loses this game!

Example game. Below is a sequence of turns in an example game played between Alice (player
one) and Bob (player two).

1. Alice takes the cookie in row 3 and column 3, along with the other five cookies below and to
the right.

1You can find out more about Chomp on Wikipedia https://en.wikipedia.org/wiki/Chomp. You can play against
a computer here.
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2. In response, Bob takes the cookie in the top row and column 4, along with three other cookies
in the top two rows.

3. On Alice’s second turn, she takes the farthest left cookie in the second row, along with all
remaning cookies not in the top row.

4. On Bob’s next turn, he takes the cookie immidiately to the right of the poison cookie along
with the other remaining non-poison cookie.

5. This leaves Alice with only one move—to take the poison cookie. Alice loses and Bob wins!

Winning strategies for 2 × n Chomp

Winning strategies for games of Chomp of arbitrary size are difficult to determine, but in the
simple case of a 2 × n game it turns out that Alice always has a winning strategy.

Claim. For all n ∈ N, in a 2 × n game of Chomp, Alice has a winning strategy.
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Proof. To prove that Alice has a winning strategy, we first define an open sentence P(n) for each
n ∈ N as:

“In a game of Chomp with only two rows, if it is Bob’s turn and there are exactly n
cookies in the first row and n − 1 cookies in the second row, then Alice can win the
game regardles of what Bob does.”

We will first prove by induction that “∀n ∈ N, P(n)” is true.

• Base case: Assume that n = 1 and that it is Bob’s turn and there is exactly 1 cookie in the top
row and zero cookies in the bottom row. Then there is only one cookie remaining, which is
the poison cookie. The game board must look like this:

As it is Bob’s turn, Bob must take the poison cookie and loses, so Alice wins. Thus, P(1) is
true.

• Induction step: Let k be an arbitrary natural number and suppose that P(1), P(2), . . . and
P(k) are all true. That is, assume that

∀m ∈ N, m ≤ k =⇒ P(m) (Induction hypothesis)

is true. [We will now prove that P(k + 1) is true.] Suppose it is Bob’s turn and there are
exactly k + 1 cookies in the top row and k cookies in the bottom row. The game board must
look something like this:

1 2 · · · · · · m − 1 m m + 1 · · · · · · k

Bob has two possible types of moves; he must either take a cookie from the top row or from
the bottom row.

– Case 1: Suppose Bob takes a cookie from the top row. He must then take a cookie in
some column m + 1, where 1 ≤ m ≤ k. In response, on Alice’s next turn she can take
the cookie in the second row in column m. The game board now looks like this:

1 2 · · · · · · m − 1 m m + 1 · · · · · · k

It is now Bob’s turn and there are m cookies in the top row and m − 1 cookies in the
bottom row. Because 1 ≤ m ≤ k and because it is assumed that P(m) is true by the
Induction Hypothesis, it follows that Alice can win regardless of what Bob does next.
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– Case 2: Suppose Bob takes a cookie from the bottom row. He must then take a cookie
in some column m, where 1 ≤ m ≤ k. In response, on Alice’s next turn she can take the
cookie in the top row in column m + 1. The game board now looks like this:

1 2 · · · · · · m − 1 m m + 1 · · · · · · k

It is now Bob’s turn and there are m cookies in the top row and m − 1 cookies in the
bottom row. Because 1 ≤ m ≤ k and because it is assumed that P(m) is true by the
Induction Hypothesis, it follows that Alice can win regardless of what Bob does next.

Therefore Alice can win regardless of what Bob does on his turn. This proves that P(k + 1)
is true.

By the Principle of Strong Induction, it follows that P(n) is true for all n ∈ N.
Finally, to conclude our proof, let n ∈ N and suppose Alice and Bob start of a fresh game

of 2 × n Chomp where Alice goes first. Alice may take the rightmost cookie in the bottom row,
leaving Bob with n cookies in the top row and n − 1 cookies in the bottom row. From what we
have just proved above, it follows that Alice can win regardless of what Bob does. This completes
the proof.
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